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Abstract

We associate a modal operator with each language belonging to a given class of reg-
ular tree languages and use the cascade product of tree automata to give an algebraic
characterization of the expressive power of the resulting logic.

1 Introduction

The cascade product and its semigroup theoretic variants have been very useful
and powerful tools in the characterization of the expressive power of several
logics over finite words, including first-order logic and its extension with modular
counting, [17, 24, 23], linear temporal logic and the until hierarchy, [6, 26], and
modular temporal logic, [3], to mention a few references. In this paper, our aim
is to show that the cascade product of tree automata has the same potential in
the characterization of the expressive power of various CTL-like temporal logics
on finite trees. We associate a modal operator with each language belonging
to a given class of regular tree languages and use the cascade product of tree
automata to give an algebraic characterization of the expressive power of the
resulting logic. From our general results, we deduce algebraic characterizations
of the expressive power of several specific logics on finite trees related to CTL,
cf. [20]. Some of our results are extensions of the corresponding facts for finite
words proved in [10].

*Supported in part by a grant from the National Foundation of Hungary for Scientific
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Some notation When n is a natural number, we denote the set {1,...,n}
by [n]. Thus, [0] is another name for the empty set. When A is a set, A* denotes
the set of all finite words over A including the empty word.

2 Algebras

A rank type R is a finite nonempty set of nonnegative integers. To avoid trivial
situations, we assume that each rank type contains a positive integer. A ranked
alphabet 3 of rank type R is a disjoint union of finite sets ¥,,, n > 0, such that
for each n, ¥, # 0 iff n € R. The elements of ¥,, are called letters or symbols
of rank n, or when n = 0, constant symbols.

Suppose that ¥ is a ranked alphabet of rank type R. A Y-algebra A consists
of a nonempty set A, called the carrier of A, and an operation o, : A" — A,
for each 0 € %,, n > 0, called the interpretation of ¥. Homomorphisms,
subalgebras, congruences, direct products, etc. are defined as usual, see, e.g.,
[14]. Suppose that A = (4, (0a)sex) is a E-algebra and B = (B, (dg)seca) is a
A-algebra, where X and A are of the same rank type. We call A a renaming of
B if A= B and for each ¢ € ¥,,, n > 0 there is a symbol § € A,, with o4 = Jp.

We will take the liberty of writing just o for o, whenever the algebra A
is clear from the context. We call the algebra A finite if its carrier is finite.
Sometimes we do not specify the carrier of an algebra explicitly and follow the
practice that if A, B etc. denote algebras, then A, B ... denote the corresponding
carriers.

3 Trees and Tree Automata

Suppose that ¥ is a ranked alphabet. Let z1,z9,... be a fixed countable se-
quence of variables, and for each n > 0, let X,, denote the set {x1,...,2,}. The
set T (X,,) of n-ary X-trees is defined as the least set containing ¥y and X,
(which are assumed to be disjoint) such that whenever t1, ..., t,, are in Tx(X,)
and o € X,,,, then o(t1,...,t,) is also in Tx(X,,). When n = 0, we write just
Ts.. The elements of Ty, are called ground trees. Note that Ty is nonempty
iff ¥ is nonempty. Sometimes it is convenient to represent an m-ary tree as
a directed graph which is a rooted tree equipped with a labeling function that
maps vertices to letters in ¥ U X,, such that the outgoing edges of each vertex
are linearly ordered. Moreover, a vertex is labeled in ¥o U X, iff it is a leaf, i.e.,
it has no successor, and is labeled in ¥, for some m > 0 iff it has m immediate
successors. The label of a vertex v in a tree will be denoted ¢(v). The notion
of subtree of a tree t rooted at a vertex v, denoted t,, is defined as usual. The
immediate subtrees of a tree are those rooted at the immediate successors of the
root. The depth of a vertex v in a tree t is the length of the unique path from
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the root to v, where the depth of the root is 0. The depth of a tree is the length
of the longest path in the tree.

Trees ¢ € Tx (X7 ) with a single leaf labeled x; are called contexts. A primitive
context is a context of the form o(ty,...,t;—1,21,ti41,...,tn), where o € X,
n>0,i€[n],and t1,...,t;—1,ti41,-..,tn € Tx. Thus, a primitive context is a
context such that the leaf labeled x; occurs at depth 1. We let C'Tx; denote the
set of all contexts in Tx(X7).

Suppose that t € Tx(X,) and t1,...,t, € Tx(X,,) are trees. Then the
tree resulting from ¢ by substituting, for each i € [n], a copy of t; for each
occurrence of x; in ¢, is denoted ¢(¢1,...,t,). Note that this tree is in Tx(X,,).
The formal definition goes by induction on the structure of t. If t = o € X,
then ¢(t1,...,t,) = o, and if t = x; for some ¢ € [n], then t(t1,...,t,) = t;.
Last, if ¢ = o(s1,...,8;) with 0 € 3k, $1,...,8x € Tx(X,), k > 0, then
t(tl, SR ,tn) = O'(Sl(tl, cee 7tn), cee 7Sk(t1, ‘e 7tn))

If A is a Y-algebra with carrier A and ¢t € Tx(X,,), then ¢ induces a function
A™ — A, denoted t,, or just t. The definition is standard, see, e.g., [13] or [14].
When n = 0, we identify ¢, with an element of A.

To simplify the treatment, our temporal logics will be tailored so that only
sets of ground trees will be definable. Accordingly, a tree language over ¥ is
a set L C Ty of ground X-trees. In order to avoid trivial situations, when we
speak of tree languages, we will always assume that the underlying rank type
contains 0, so that each ranked alphabet contains constant symbols.

Suppose that ¥ is a ranked alphabet of rank type R with 0 € R. A X-
tree automaton is a Y-algebra that contains no proper subalgebras. A tree
automaton is finite if it is a finite algebra. A homomorphism of %i-tree automata
is a Y-algebra homomorphism. Note that if A and B are ¥-tree automata, then
there is at most one homomorphism A — B. Moreover, any homomorphism of
tree automata is a surjective function.

Let A = (A, (0a)oex) be a tree automaton. The language accepted or recog-
nized by A with final states F' C A is defined by

LAF) = {telx:tyeF}.

A tree language L C T, is recognizable by the tree automaton A if L = L(A, F')
for some F' C A. A tree language L C T is reqgular if it is recognizable by a
finite tree automaton.

Each tree language L C T is recognizable by a canonical tree automaton
(unique up to isomorphism), the minimal tree automaton Ay of L. It has the
universal property that whenever L is recognizable by a tree automaton A then
there is a (necessarily unique) homomorphism A — Aj. Thus, a language L
is regular iff its minimal tree automaton is finite. It is known that a X-tree
automaton A = (A, (0a)sex) is isomorphic to the minimal tree automaton of
L C Ty iff L = L(A,F) for some (necessarily unique) F' C A, and for any
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a,b € A with a # b there is a context ¢ with ¢(a) € F and ¢(b) € F, or
c(a) € F and ¢(b) € F. Thus, the languages recognizable by Ay, are unions of
~r-equivalence classes, where the relation ~ on Ty is defined by

t~pt' & VeeCTs (c(t) € L& c(t') € L).

In particular, L is regular iff ~, is of finite index. For the reader’s convenience,
we include a proof of the following well-known fact.

Lemma 3.1 Suppose that L C Ty, is reqular. Then every language recognizable
by Ay, is a boolean combination of quotients of L.

Proof. We know that the languages recognizable by A are unions of ~p-
equivalence classes. But each ~p-equivalence class [t] can be written as

n c 'L\ U ¢ 'L,

tec—1L tZc 1L

where the quotient ¢c™'L of L with respect to c is the set of all trees t € Tk
with ¢(t) € L. The intersection and the union in the above formula are finite
since L is regular and each language ¢~ 'L is recognizable by Ar. Thus, every
~r-equivalence class [t] and every language recognizable by Ay is the boolean
combination of quotients of L. O

Suppose that a rank type R with 0 € R is fixed. By a class L of tree languages
we mean a collection of tree languages in T, for each ranked alphabet 3 (of rank
type R). A class of regular tree languages consists of regular languages.

Let ¥ and A be two ranked alphabets of the same rank type. Given a tree
t € Ts(X,,), a relabeling of t over A is obtained by changing the label of each
vertex of ¢ labeled in ¥, to some symbol in A,,, for each m > 0. Labels in X,
do not change. Different occurrences of the same letter in ¥ may be replaced
by different letters. A related notion is that of a literal tree homomorphism.
Suppose that h is a rank preserving function ¥ — A. Then for each n, h
determines a literal tree homomorphism 75(X,) — Ta(X,), also denoted h.
The image of a tree t € Tx(X,,) is obtained from ¢ by relabeling each vertex
labeled o € ¥ by the letter h(o) (of the same rank). It is known that the class of
regular tree languages is closed under literal homomorphisms and inverse literal
homomorphisms. Thus, if L C Ta is regular and h is a literal homomorphism
as described above, then h=1(L) = {t € T : h(t) € L} is regular.

In addition to relabelings and literal tree homomorphisms, we will also make
use of quotients defined in the proof of Lemma 3.1. It is known that the class
of regular tree languages is closed under quotients, i.e., if L C T% is regular
and ¢ € CTx, then ¢ 'L is regular. Moreover, a tree language L C T is
regular iff it has a finite number of different quotients, i.e., when the set {¢"'L :
¢ € CTx} is finite. It is clear that a class L of tree languages is closed under
quotients iff it is closed under quotients with respect to primitive contexts.
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Other operations under which the class of regular languages is closed include
the boolean operations.

For the above facts and more results on tree automata and tree languages,
refer to any standard text such as [13].

4 Extended Temporal Logic

We now define our temporal logics on trees. We assume that a rank type R with
0 € R is fixed and only consider ranked alphabets of rank type R. Further, we
assume that each ranked alphabet comes with a fixed lexicographic order.

Syntaz. For a ranked alphabet X, the set of formulas over % is the least
set containing the letters p,, for all ¢ € X, closed with respect to the boolean
connectives V (disjunction) and — (negation), as well as the following construct.
Suppose that L C Ta and that for each § € A, ps is a formula over 3. Then

L(6 — @5)sen (1)

is a formula over ¥. The notion of subformula of a formula is defined as usual.

Semantics. Suppose that ¢ is a formula over ¥ and t € Ty,. We say that ¢
satisfies ¢, in notation t = ¢, if

e v = p,, for some ¢ € ¥,, and the root of ¢t is labeled o, ie., t =
o(ty,...,t,), for some t1,...,t,, or

e p=¢'V'andtlE ¢ ort ¢’ or
e o = and it is not the case that t = ¢/, or

e v =L(6 — vs)sen, and the characteristic tree t € T determined by t and
the family (ps)sea belongs to L. Here, t has the same underlying digraph
as t, and a vertex v is labeled § € A,, in t iff v is labeled by some ¢ € ¥, in
the tree t, moreover, ¢ is the first in lexicographic order on A, such that
the subtree of ¢ rooted at v satisfies ¢s, i.e., t, = @s. If no such letter
exists, then ¢ is the last in the lexicographic order on A,,.

For any formula ¢ of over ¥, we let L, denote the language defined by :

L¢ = {tGTEIt':gD}.

We say that formulas ¢ and v over X are equivalent if L, = L,,. Throughout the
paper we will use the boolean connectives A (conjunction) and — (implication)
as abbreviations. Moreover, for any ranked alphabet ¥ and n € R, we define
t, = \/OGE” po and ff,, = —tt,,. Thus, ¢t = t,, iff the root of ¢ is labeled in %,,.
We further let &t = p, V —p,, where o is any letter in ¥ and ff = —it.

We will consider subsets of formulas associated with classes of tree languages.
When £ is a class of tree languages, we let FTL(L) denote the collection of
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formulas all of whose subformulas of the form (1) above are such that L belongs
to L. We define FTL(L) to be the class of all languages definable by formulas
in FTL(L). It is clear that for each formula L(§ — ¢s)sca in FTL(L) over an
alphabet ¥ there is an equivalent formula L(§ — ¢%)sea in FTL(L) over X such
that the subformulas ¢ satisfy the following condition: There exist no ¢t € Tx,
and distinct letters 6," € A,,, for some n, such that t = ¢ A ¢f,. Indeed, when
the lexicographic order on A, is 61 < ... < §k, then we may define

5, = @5 A /\ —Ps;,
j<t

for all i € [k]. Alternatively, we may define

o5 = tahes A\ s,
j<i
for all ¢ < k as above, and
@Sk = ty A /\ P8 -
j<k

Thus, the modal formulas in FTL(L) over ¥ associated with a language L C T
in £ may equivalently be written as L(0 — ©5)sea, where the family (p5)sea
satisfies the following condition: For each tree ¢t € Ty there is exactly one
with ¢ = s, and if the root of ¢ is labeled in ¥, then this unique § belongs
to A,,. Below we will call such families (¢s5)sca deterministic. Accordingly, we
will sometimes write modal formulas over ¥ associated with a language L C Tha
as L(d — ¢s)sen, where (ps)sea is a deterministic family of formulas over ¥.
When (¢s5)sea is a deterministic family, we have ¢t = L(§ — @5)sca iff there
exists a relabeling ¢ of ¢ in L such that for all vertices v, t, = Ppy)- We call a
formula ¢ deterministic if for every subformula of ¢ of the form L( — p5)sen,
the family (ys)sea is deterministic. As shown above, for each ¢ € FTL(L)
there is a deterministic formula in FTL(L) which is equivalent to .

Remark 4.1 When R = {0,1}, our logics FTL(L) are closely related to the
extended propositional linear temporal logics of [27].

Remark 4.2 Suppose that each A, with n € R contains exactly k letters,
65"), . .,6,&"), ordered as indicated. For each i € [k], let ¢; denote a formula
over ¥ and let L C Ta. Then let L(d; — ) denote the formula L((Sgn) —
©i)ielk],ner- Thus, a tree t € Tx satisfies this formula iff the tree s € Tx is in
L, where s is obtained from ¢ by relabeling each vertex v of ¢ labeled in ¥,, by
the first letter 6§n) with t,, = ;. When there is no such formula, then the label
of v in s is (5,&”).

Each formula L(ég") — @n))ie[k],neR is equivalent to some formula of the
above sort. Indeed, define

pi = N\ ta— ™),
i€ER
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for all i € [k]. Then L(6™ s (™

i )ielk],ner is equivalent to L(d; — ©4)ick]-
Example 4.3 For each alphabet X, FTL() consists of those languages that
are unions of languages of the form {o(t1,...,t,) : t1,...,t, € Tx}, where
€Y, n>0.

Example 4.4 The boolean ranked alphabet Bool has exactly two symbols of
rank n, for each n € R, the symbols T, and |,. Below we assume that the
lexicographic order on Bool satisfies T,<|,, for each n € R.

For each i € [max(R)], let Lx, denote the regular tree language of all trees
in Tgool of depth > 1 such that the root has n immediate successors for some
n > i, and the ¢th immediate successor of the root is labeled by T,,, for some
m. Then the modal operator corresponding to Lx, is a sort of next modality:
When (p5)seBool is a family of formulas over ¥ and ¢t € T, then t | Lx, (6 —
©s5)seBool I the root of ¢ is labeled by some symbol in X, with ¢ < n, and the
ith immediate subtree satisfies ¢, , where m denotes the rank of the symbol
labeling the root of this subtree. Let Lx = Ujgmax(r)Lx,. Then t = Lx (6 —
©5)seBool iff t is of depth > 1 and the subtree of ¢ rooted at some immediate
successor of the root vertex satisfies ¢y, for that m for which the successor is
labeled in X,,.

Thus, when ¢ is a fixed formula over ¥ and (ps)sea is such that ¢y, = ¢,
for all n € R, then t = Lx,(0 — ¢s)scBool for a tree t in Tx, and 7 € [max(R)]
iff the depth of ¢ is at least 1 and the ith immediate subtree of ¢ exists and
satisfies . We may denote this formula by X;p. Note also that ¢ | Lx (6 —
©5)seBool iff some immediate subtree of ¢ satisfies . Conversely, if (©5)scBool
is any family of formulas over X, then Lx,(d — ¢s)seBool may be expressed as

XilAner(tn = ©1,)):

Next, let Lgr C Tgool denote the regular language of those trees in Tgool
having at least one vertex labeled in {7,: n € R}. Then for any (©s)scBool and
t as above, t = Lgr(0 — ©5)seBool iff the subtree rooted at some vertex labeled
in ¥, for some n, satisfies ¢1,. Thus, the modal operator corresponding to
this language Lgp is closely related to the EF modality of CTL, cf. [20]. In the
same way, the CTL-modalities AG, EG, AF are closely related to the modal
operators associated with the following languages, where we use the letter p to
range over the maximal paths of a tree, and v ranges over vertices:

Lag = {t €Tpoor: Vv t(v) € {Tn:n € R}}
Lec = {t € Toot : Ip¥v € p t(v) € {In: n € R}}
Lar = {t €Tnoo: VI Ept(v) € {Tn:n € R}}.

Example 4.5 Next we define tree languages such that the corresponding modal
operators are closely related to the EU and AU modalities of CTL. For this
reason, we consider the ranked alphabet Tern having three symbols for each
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n € R, Tn, Vn, ln, ordered as indicated. Below we will write u < v for vertices
u,v in the tree ¢t to express that v is strictly below u, i.e., u # v and v is a
vertex of the subtree ¢, rooted at u. Let

Lgy = {t € Trem : IpFVu < v (t(v) € {Tn:n € R} At(u) € {V,, : n € R})}
Lay = {t € Tren : VpFoVu < v (t(v) € {Tn:n € R} At(u) € {V,:n € R})},

where p ranges over maximal paths as above. The modal operators correspond-
ing to these languages are closely related to the EU and AU modalities of CTL.

Example 4.6 Last, we consider a version of modular counting. Let d > 1 and
r with 0 < r < d be given natural numbers. Let Ly, denote the set of all
those trees in Tpoo such that the number of vertices labeled in {1,: n € R}
is congruent to r modulo d. If ¢ is a tree in Tx, and (¢s)seBool 18 a family of
formulas over X, then ¢ = Lg (6 — ¢s)sea iff the number of vertices v labeled
in ¥,, n € R with ¢, |= @1, is congruent to » modulo d.

5 Basic Results

In this section, we establish some elementary properties of the classes FTL(L),
where £ denotes a class of tree languages. We also study conditions on £ and
L' under which FTL(L) = FTL(L'). We again assume that a rank type R with
0 € R is fixed and that all considered ranked alphabets have rank type R.

Theorem 5.1 For each class L of tree languages, FTL(L) contains L and is
closed with respect to the boolean operations and inverse literal tree homomor-
phisms.

Proof. Tt is obvious that FTL(L) is closed under the boolean operations. More-
over, each language L C T in £ is definable by the formula L(o — py)sex in
FTL(L). Assume now that h : Txy — Ty is a literal tree homomorphism. We
argue by induction on the structure of the formula ¢ over ¥ in FTL(L) to show
that h™'(L,) is definable by some formula ¢ in FTL(L). When ¢ = p,, for
some letter o, then we define ¥ = \/h(g’):g Por- When o is not in the range
of h then this formula is . It is clear that Ly, = h™*(L,). Suppose now that
© = @1V 2 and that Ly, = h™'(Ly,), i = 1,2. Then we define ¢ = 1)1 V 9.
When ¢ = ¢y and Ly, = h™*(Ly,), then let ¢p = —¢p;. In either case, we
have L, = h™'(L,). Finally, assume that ¢ = L(§ — ¢s)sca, and that for
each § there is a formula 15 in FTL(L) with Ly, = h™'(Ly,). Then define
¥ = L(6 — v¥s5)sen. Let t € Tsy. Since for all 6 € A and vertex v,

ty F s & h(ty) F s = (h(1)y = ¢s,

the characteristic tree determined by ¢ and the formulas (¢5)sca is the same as
that determined by h(t) and the formulas ¢s. It follows that ¢ |= 1 iff h(t) |= ¢.
O
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To prove that FTL is a closure operator, we need:

Lemma 5.2 Suppose that (ps)sen is a deterministic family of formulas over
Y and (7y)yer is a deterministic family of formulas over A. Lett € T and t
the characteristic tree determined by t and (ps)sen. Let s be the characteristic
tree determined by t and the family (7y)yer. Then s is also the characteristic
tree determined by t and the deterministic family (L, (0 — ©s5)scA)yer-

Proof. First note that (L, (6 + ©s)sea) er is also a deterministic family.
Given a tree t € T;, for every vertex v,

ty ': LTS(U)((S = @5)5EA3
since for every vertex w in &, t,, | Pouw)> and since tAU S LTs(v)' O
Next we show that FTL is a closure operator.

Theorem 5.3 FTL is a closure operator on language classes.

Proof. We have already seen that £ C FTL(L) holds for all £. Tt is clear that
FTL(L;) C FTL(Ly) whenever £; C L5. Thus, to complete the proof, it suf-
fices to show that for any class £ of languages, FTL(FTL(L)) = FTL(L).
The inclusion from right to left follows from Theorem 5.1. To prove that
FTL(FTL(L)) C FTL(L), we argue by induction on the structure of the for-
mula ¢ over A in FTL(L) to show that for every deterministic family (¢s)sea
of formulas in FTL(L) over an alphabet X, the formula L, (6 — ¢s)sca is ex-
pressible in FTL(L), i.e., there exists a formula in FTL(L) which is equivalent
to it. Assume first that ¢ = ps,, for some dp € A,,. Then L, is the set of
all trees in TA whose root is labeled dy. It is clear that a tree ¢ € Tx satisfies
L,(6 — ¢s)sen iff t satisfies 5,, so that L, (0 — ¢s)sca is equivalent to s, .
In the induction step, assume first that ¢ = ¢1 V 3. Then L, = L, U L,
and thus L, (8 — ¢s5)sea is equivalent to Ly, (6 — ¢s5)sea V Ly, (6 — ©5)sen-
By induction, there exist ¢4 and 2 in FTL(L) such that L, (0 — ¢s)sea is
equivalent to ¢;, i = 1,2. It follows that L, (d — ©s)sea is equivalent to 11 V1o
which is in FTL(L). Suppose next that ¢ = -, so that L, = L, the com-
plement of L,,. Then L,(0 — ¢s5)sea is equivalent to =(Ly, (0 — ¢5)sea). It
follows from the induction hypothesis that L,(0 — ¢s5)sca is equivalent to a
formula in FTL(L). Assume finally that ¢ = K(vy +— 7y)yer, where K C T,
K € £ and the family (7)~er is deterministic. Let t denote the characteristic
tree determined by ¢ and the family (p5)sea, and let s denote the characteris-
tic tree determined by ¢ and the family (Ty)~yer. By Lemma 5.2, s is also the
characteristic tree determined by t and (L (6 — ¢s)sea)yer. Thus,

tE=K(y— Ly (0 — @s5)sen)ver & s€K.

We have thus shown that L, (0 — @s5)sca is equivalent to K(y — L. (0
©s5)sen)ver- By the induction hypothesis, for each v there is a formula 1),
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in FTL(L) which is equivalent to L, (0 +— ¢s)sea. Thus, L,(6 — @s5)sea is
equivalent to K (v — 1)y)~er. |

The language classes FTL(L) are not necessarily closed under quotients.
However, we have:

Theorem 5.4 The following conditions are equivalent for a class of tree lan-
guages L:

1. FTL(L) is closed with respect to quotients.
2. Each quotient of any language in L belongs to FTL(L).

3. For each formula L(6 — @s)sen in FTL(L), over any alphabet 2, and for
each context ¢ over A there is a formula in FTL(L) which is equivalent to
(c™1L)(6 — ps)sea-

4. For each formula L(§ — @s)sca in FTL(L), over any alphabet X, and for
each primitive context ¢ over A there is a formula in FTL(L) which is
equivalent to (¢ L)(§ — ©s)sen.-

Proof. 1t is clear that the first condition implies the second and the third
condition implies the fourth. Moreover, the second condition implies the third
by Theorem 5.3. It remains to show that the fourth condition implies the first.
Suppose that ¢ is a formula over ¥ in FTL(L) and ¢ is a primitive context over
Y. We show that ¢~!L, belongs to FTL(L). It follows by a straightforward
induction argument that FTL(L) is closed under quotients with respect to any
context.

When ¢ is p,,, for a letter o € X, and the root of ¢ is labeled by a letter other
than o, then ¢~ 'L, is (), which is definable by the formula ff. When the root of
c is labeled o then cflLS(J = Ty, which is defined by the formula t. We continue
by induction on the structure of ¢. Suppose that ¢ = @1 V g or ¢ = =y,
and assume that ¢! L, is defined by @; in FTL(L), i = 1,2. Then ¢ 'L,, is
defined by @1V @y or =@y, respectively. Assume finally that ¢ is L(§ — ps)sen,
where L C Ta and (p5)sen is a deterministic family. Suppose that the root of
c is labeled in X,,. Then for each dy € Ay, let cs, denote the context over A
obtained from ¢ by relabeling its root by §p and any other vertex u of ¢ labeled
in ¥,,, m > 0 by that letter § € A,, such that the subtree of ¢ rooted at u
satisfies ps. By the induction assumption, for any d € A there exists a formula
@5 in FTL(L) defining ¢ L,,,. Moreover, by assumption, for each §y € A,
there is a formula 75, in FTL(L) such that for all trees ¢t € T,

teT1s, &tk (5 L)(6— gs)sea-
Then let

¢ =V (@5 A7)
50€An0
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We have, for all t € Ty,

tEp & FdeA,, tE G5, NtETs,
& Fdp € Ay, c(t) E s, At E (c(;_olL)((S — ©s)seA
< Jog € Ay, c(t) E s, NIs € c(;_olL Yo by, E Qs
& oo € Apy, 8 €TA c5,(5) € LAC(t) | s, N YU ty = @s(o)
& o) E L6 — ps)sen
& cot) E .

This concludes the proof of Theorem 5.4. O

Corollary 5.5 1. For any class L of tree languages, FTL(L) = FTL(L'),
where L' is the least class containing L closed with respect to the boolean
operations and inverse literal morphisms.

2. For any class L of tree languages closed with respect to quotients, or such
that the modal operators associated with the quotients of the languages in
L are expressible in FTL(L) as in Theorem 5.4, FTL(L) = FTL(L'),
where L' is the least class containing L closed with respect to the boolean
operations, quotients, and inverse literal morphisms.

Suppose that K is a class of tree automata. We let Lk denote the class of
all tree languages recognizable by the tree automata in K. Conversely, when £
is a class of tree languages, let K, denote the class of all minimal tree automata
of the languages in £. For each class K of tree automata, we define FTL(K) =
FTL(Lk) and FTL(K) = FTL(Lk).

Corollary 5.6 Let L denote a class of reqular tree languages. The following
conditions are equivalent.

1. FTL(L) = FTL(K.).
2. There exists some class K of finite tree automata with FTL(L) = FTL(K).

3. There exists some class L' of reqular tree languages closed with respect to
quotients with FTL(L) = FTL(L').

4. Each quotient of any language in L belongs to FTL(L).
5. FTL(L) is closed with respect to quotients.

6. For each L in L, the modalities associated with the quotients of L are
expressible in FTL(L) as in Theorem 5.4.

Proof. The last three conditions are equivalent by Theorem 5.4. The first
condition clearly implies the second and the second the third which in turn
implies the fourth, since for a class K of tree automata, Lx is closed under
quotients. It remains to show that the fourth condition implies the first. But by
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Lemma 3.1, when L consists of regular languages, every language recognizable
by a tree automaton in K, is a boolean combination of quotients of some
language in L. It follows using Theorem 5.3 that FTL(K,) C FTL(L), while
the reverse inclusion is obvious. ]

Example 5.7 Let L be any of the languages Lx,, ¢ € [max(R)], Lyr, Lrc,
Lyy, Lar, Lag, Lay. Then each quotient of L is definable in FTL({L}). Thus,
if £ is any subcollection of these languages, then the equivalent conditions of
Corollary 5.6 hold for L.

6 A Variety Theorem

Several different concepts of varieties of regular tree languages with correspond-
ing variety theorems have been proposed in the literature, cf. [1, 2, 21,22, 9, 11].
The abundance of variety theorems is due to the fact that there exist several
different reasonable notions of homomorphisms and quotients for trees, and the
notion of syntactic algebra can be defined in several different frameworks: ordi-
nary algebras, [1, 2], [21, 22], clones or Lawvere theories, [9], or preclones, [11].
Here we present yet another variety theorem that bears close connection to that
given in [22].

In this section, all ranked alphabets are assumed to have a fixed common
rank type R containing 0. Suppose that A and B are YX-tree automata. Since
tree automata are X-algebras, the direct product of A and B as an algebra is
defined. However, the direct product may not be a tree automaton since it is
not always generated by the constants. Therefore we define the tree automaton
direct product, or ta-direct product of A and B as the smallest subalgebra of the
usual direct product. The direct product of any finite number of tree automata
is defined in the same way. We have already defined renamings of algebras. This
notion gives rise to tree automaton renamings, or ta-renamings. Suppose that
A is a X-tree automaton and the A-algebra B is a renaming of A. (A is also of
rank type R.) Then B has a least subalgebra which is called a ta-renaming of
A.

Recall that if A and B are 3-tree automata and & is a homomorphism A — B,
then h is necessarily surjective. Thus we call B a quotient of A.

For the purposes of this paper, we define a (pseudo)variety of finite tree
automata to be any nonempty class of finite tree automata closed under the
ta-direct product, ta-renaming and quotients. A literal variety of tree languages
is any nonempty class of regular tree languages closed under the boolean oper-
ations, quotients and inverse literal tree homomorphisms. It is clear that both
varieties of tree automata and literal varieties form (algebraic) lattices.

The relevance of literal varieties to the logics FTL(L) is justified by the
following fact:
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Corollary 6.1 When L is a class of regular languages such that each quotient of
any language in L belongs to FTL(L) , then FTL(L) is a literal variety. Thus,
when K is a class of finite tree automata, then FTL(K) is a literal variety.

Proof. By Theorem 5.1 and Corollary 5.6. The fact that when £ consists of
regular languages then FTL(L) is a class of regular languages will be established
independently in Corollary 9.9. Alternatively, one can embed FTL(L) into
monadic second-order logic and use one direction of the main result of [25] to
the effect that every language definable in this logic is regular. O

We now state and prove a Variety Theorem that provides a basis of the
results of the paper.

Theorem 6.2 The lattice of varieties of finite tree automata is isomorphic to
the lattice of literal varieties of tree languages. An isomorphism is given by the
assignment that maps each variety V of finite tree automata to the class Ly of
those tree languages recognizable by the members of V.

Proof. If V is a variety of finite tree automata then the class Ly of regular
tree languages is clearly nonempty and closed under the boolean operations
(since V is closed under the direct product), quotients and inverse literal tree
homomorphisms (since V is closed under renamings). We show that every literal
variety V of tree languages corresponds to some variety of finite tree automata.
Given V, let V consist of those finite tree automata that only accept languages
in V. It is clear that V is nonempty. Since any language recognized by the ta-
direct product of two finite tree automata is a boolean combination of languages
recognized by the two tree automata, it follows that V is closed under the ta-
direct product. Since V is closed under inverse literal homomorphisms, we have
that V is closed under ta-renamings. Finally, since any language recognizable
by a quotient of a tree automaton A is recognizable by A, V is closed under
quotients. Thus, V is a variety of finite tree automata. Let WV denote the literal
variety Lv of all tree languages recognizable by the members of V. We want to
show that V = W. The inclusion W C V is clear. Suppose now that L C Ty, is in
V and consider the minimal tree automaton Ay, of L. We know from Lemma 3.1
that every language recognizable by A is a boolean combination of quotients
of L. Tt follows that every language recognizable by Ay is in V, so that Ay € V.
Thus, since L is recognizable by Ay, we have L € W. This proves that V C W.

Suppose that V is a variety of finite tree automata with corresponding literal
variety V. Let W denote the class of all finite tree automata that only accept
languages in V. By the above argument, we know that W is also a variety and
is mapped to V under the correspondence given in the Theorem. It is clear that
V C W. We want to show the reverse inclusion. So let A be a Y-tree automaton
in W. For each a € A, let L, C Ty, denote the tree language accepted by A
with unique final state a. Now each L, is in V and thus recognizable by some
tree automaton B, in V. Let B denote the direct product of the B,. Note that
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B € V. We claim that A is a quotient of B. For each element b € B there is a
tree t € T, with b = tg = (tp, )aca. We map b to h(b) = t5. This map is well-
defined, for if tg = sg, for ¢, s € T%;, then for each a, tg, = sg,, so that t € L, iff
s € L,. This means that t4 = s4. Since it is clear that A is a homomorphism,
A is a quotient of B, proving that A € V.

To complete the proof, assume now that V; and Vs, are varieties of finite
tree automata with corresponding literal varieties V; and V,. If Vi C Vs, then
clearly V; C V5. Assume that V; C V5. Then since V; consists of all finite tree
automata that only accept languages in V;, ¢ = 1,2, it follows that V; C V.

O

Remark 6.3 Suppose that V is a variety of finite tree automata and V is the
corresponding literal variety. Then a tree language belongs to V iff its minimal
tree automaton is in V. Moreover, V is the least variety of finite automata
containing the minimal automata of the languages in V, and a tree automaton
A is in V iff every language recognizable by A is in V.

Example 6.4 The least literal variety of regular languages contains for each
ranked alphabet ¥ (of rank type R) just the languages ) and Tx. The corre-
sponding variety of finite tree automata is the class of all trivial, i.e., singleton
tree automata. The greatest literal variety is the class of all regular languages.
The corresponding variety of finite tree automata is the class of all finite tree
automata.

Example 6.5 For a nonnegative integer k, a tree language L C Ty is called
k-definite if the membership of a tree t € Ty, in L only depends on the cut-off of
t at depth k, i.e., on that part of the tree determined by the vertices of depth
strictly less than k. By extension, a tree language is definite if it is k-definite
for some k. For each k, let Dy denote the class of k-definite tree languages,
and let D denote the class of definite tree languages, so that D = (.~ Dk-
Note that for every ranked alphabet 3, the only languages over ¥ contained
in Dy are ) and Tsx. Any l-definite language over X is a union of languages
of the form T, = {o(t1,...,ts) : t1,...,t, € Tx}, where 0 € ¥,, n > 0.
In general, any k-definite tree language is a union of languages of the form
T, = {t(t1,...,tn) 1 t1,...,tn € T}, where t € T (X,,),n > 0 is of depth < k,
moreover, each x; occurs at most (or exactly) once in ¢ and each leaf labeled in
X, is of depth k.

Definite tree languages were introduced in [15] and subsequently studied in
[18] and [8]. Tt is shown in these papers (though stated in different form) that
D and each Dy is a literal variety of tree languages. The variety of finite tree
automata corresponding to Dy can be described as follows. Call a -algebra
k-definite if it satisfies all equations (in the sense of Universal Algebra, cf. [14])
t = s such that the trees t,s € T (X,,), n > 0 agree up to depth k, i.e., s and ¢
have equal cut-offs at depth k. (Actually, it suffices to require this condition for
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trees of depth < k.) A definite algebra is an algebra which is k-definite for some
k. A definite tree automaton (k-definite tree automaton) is a tree automaton
which is a definite algebra (k-definite algebra, resp.). We let D (Dy, resp.)
denote the class of all finite definite (k-definite, resp.) tree automata. For each
k, Dy, is the variety of tree automata corresponding to Dy, moreover, D is the
variety corresponding to D. See also [9].

It is clear that there exists an algorithm to decide whether a finite algebra
is k-definite. It follows that each Dy, is decidable: Given a regular tree language
L (by a finite tree automaton equipped with a set of final states), there is an
effective procedure to test whether or not L is k-definite. In [15], it is shown
that D is also decidable, see also [18] and [8].

7 The Cascade Product

Let R be a rank type kept fixed in this section. All ranked sets will be assumed
to be of rank type R.

Let A be a X-algebra, B a A-algebra, and a a family of functions «,, :
A" x ¥, — A, n € R. The cascade product A x, B determined by « is the
Y-algebra with carrier A x B and operations

o((a1,b1),...,(an, b)) = (o(ar,...,an),8(b1,...,bn)),

where 0 = ay(aq,...,an,0), for all ((a1,b1),...,(an,bn)) € A X B, 0 € X,
n € R. When 0 € R and A and B are tree automata, the ta-cascade product of A
and B determined by « is the least subalgebra of the above cascade product. We
use the same notation A X, B to denote a ta-cascade product of tree automata A
and B. The direct product is clearly a special case of the cascade product. Below
we will sometimes write just cascade product for the ta-cascade product, direct
product for the ta-direct product, etc. Note that if C is a cascade product or
ta-cascade product of A and B, then the projection C' — A defined by (a,b) — a
for all (a,b) € C is a surjective homomorphism.

The cascade product of algebras (or tree automata) can be extended to
several factors: Ay X, Ag Xq, ... Xq, , A,. Here, when A; is a 3;-algebra, for
each i € [n], then «; is a family of functions

(A1 X ... X Ai_l)m X (Zl)m — (Zi)77L7 m € R.

Note that Ay Xq, Ao Xgy .. Xa, _, Ay, is a Xy-algebra (or a X-tree automaton).

Suppose that A is a Y-algebra and « is a family of functions A™ x ¥, —
A,. Then we call the pair (A,«a) a tree transducer. For each n > 0, the
tree transducer (A, «) induces a mapping f : T — Ta, called the relabeling
induced by (A, a). Given a tree t € Tx(X,,), f(t) is defined as follows. When
t = o0 € Xy, then f(t) = ao(c). Suppose now that ¢t = o(t1,...,t,), where
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m > 0,0 €%, and t1,...,tym € Tx. Then f(t) = 6(f(t1),..., f(tm)), where
0 =am((t1)a,- .., (tm)a,o). More generally, when t € Ts(X,,) and a4,...,a, €
A, n >0, we define f(q,, . q4,)(t) as follows: When ¢ = x; with i € [n], then
flat,an)(t) = @4, and when t = o € ¥, then f(4, .. 4,)(t) = ao(o). Finally,
when t = o(t1,...,t,), where m > 0, 0 € ¥,, and ¢1,...,t,, € T(X,), then
f(al,...,an)(t) = 5(f(a1,...,an)(tl)7 EER ] f(al,...,an)(tm))a where

§=am((t)alar,...,an), ..., (tm)alar, ... an),0).

Below we will write «(t) for f(t) and o, ....a,)(t) for fia,,....an)(t).

Proposition 7.1 Suppose that C = Ax B is a cascade product of the X-algebra
A and the A-algebra B. Then for any tree t € Ty, tc = (ta, sp), where s = a(t)
is the image of t with respect to the relabeling induced by (A, ). More generally,
for every t € Tx(X,,) and (a;,b;)) € Ax B, i € [n], tc((a1,b1),..., (an,bn)) =
(ta(ay,...,an),sB(b1,...,bn)), where s = a(q,, .. .a,)(t). A similar fact holds for
the ta-cascade product.

Proof. By a straightforward induction on the structure of ¢. |

By a closed variety of finite algebras we mean a nonempty class of finite
algebras (of the same rank type R) closed with respect to the cascade product,
subalgebras, and homomorphic images. Similarly, a closed variety of finite tree
automata is any nonempty class of finite tree automata closed with respect
to the ta-cascade product and quotients. Note that any closed variety of finite
algebras is closed under renamings, and any closed variety of finite tree automata
is closed under ta-renamings. Thus any closed variety of finite tree automata is a
variety. For any class K of finite tree automata, we let K denote the least closed
variety of finite tree automata containing K. Moreover, when V and W are
closed varieties of finite tree automata, then we define VV'W as the least closed
variety of finite tree automata containing both V. and W, i.e., VVW = VUW.

Remark 7.2 Suppose that K is a nonempty class of finite algebras. It is known
(cf., e.g., [8]) that the least closed variety containing K consists of all homo-
morphic images of subalgebras of cascade products A; X, Ag X g, ... Xa, , Ay,
where each A; is in K. A similar fact holds for finite tree automata: The least
closed variety of finite tree automata containing a class K of finite tree automata
consists of all quotients of ta-cascade products A; X4, Ag Xqy ... Xa,_, Ay with
A; € K, for each i € [n].

An example of a closed variety of finite algebras is the class of all finite
definite algebras. Let Dg(R), or just Dy denote the Bool-algebra (i.e., X-algebra
with ¥ = Bool) with carrier {0,1} and constant valued operations

ln (a17~"7an) =0
Tn(ay,...;an) = 1, neR
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Note that when 0 € R, then Dy is a tree automaton. The following result was
proved in [8].

Theorem 7.3 The class of all finite definite algebras is the least closed variety
containing the algebra Dy.

It follows that when 0 € R, then the class D of finite definite tree automata
is a closed variety of finite tree automata and is generated by Dy.

8 Definite Tree Languages, Revisited

In this section, all ranked alphabets are assumed to have a fixed rank type R
with 0 € R.

We say that the next modalities are expressible in the logic FTL(L) if for
all alphabets ¥ and integers ¢ with ¢ € [max(R)], and for every formula ¢ in
FTL(L) over ¥, there exists a formula X;p in FTL(L) such that for all trees
teTx, t E Xpiff tis of the form o(ty,...,t,), where n > i, and t; &= .
More generally, there is a canonical way to assign a word w in [max(R)]* to
every vertex of a tree ¢t € Ty, the “address” of v (see, e.g., [18]). Given a word
w € [max(R)]*, we say that the modality X,, is expressible in FTL(L) if for
every formula ¢ in FTL(L) over any alphabet ¥ there exists a formula X, ¢
in FTL(L) such that for all trees t € Ty, t = Xy iff ¢ has a vertex v at the
address w and the subtree t, rooted at this vertex satisfies . It is clear that
for all words w,w’ and for all formulas ¢, X, X,,¢ is equivalent to the formula
Kuww -

The following fact is clear.

Proposition 8.1 The following conditions are equivalent for a logic FTL(L):

1. The next modalities are expressible in FTL(L).
2. For every w, the modality X, is expressible in FTL(L).
3. For each i € [max(R)], FTL(L) contains the language Lx,.

Proof. Since for each i, the formula X;(\/,, .z p1,) defines Lx, over the ranked
alphabet Bool, the first condition implies the third. Moreover, since X;y is
expressible as Lx, (6 — %s)seBool, Where 91, = ¢ and ¢, = - for all n € R,
the third condition implies the first. O

The languages Lx, were defined in Example 4.4. Let Lx = {Lx, : i €
[max(R)]}. Below we denote the logic FTL(Lx) by CTL(X), and the tree lan-
guage class FTL(Lx) by CTL(X).

Proposition 8.2 CTL(X) = D.
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Proof. We know that each definite language over ¥ is a finite union of languages
of the form T; defined in Example 6.5. The property that a tree belongs to Ty
is clearly expressible using the X,,s. For the reverse inclusion, one argues by
induction on the structure of the formula ¢ over ¥ in CTL(X) to show that
L, € D. The base of the induction is clear. In the induction step, the case
of boolean connectives is covered by the fact that D is a literal variety and is
thus closed under the boolean operations. Finally, one proves that if (¢s)seBool
define definite languages, then so does the formula ¢ = Lx,(d — ©5)scBool, for
each 7. Indeed, in this case L, is the collection of all trees whose root is labeled
by a symbol of rank > 4 such that the 7th immediate subtree satisfies 1, where
the root of this subtree is labeled in X,,. Now if L, is k-definite, then L, is
(k + 1)-definite. O

Corollary 8.3 The following conditions are equivalent for a logic FTL(L):

1. The next modalities are expressible in FTL(L).

2. For every w, the modality X,, is expressible in FTL(L).
3. Lx CFTL(L).

4. Dy C FTL(L).

5. D C FTL(L).

Corollary 8.4 FTL(L) =D iff L C D and Lx C FTL(L).

9 Main Results

In this section, all ranked sets are assumed to have a fixed rank type R with
0 € R. In the next two propositions, let £ denote a class of tree languages.

Proposition 9.1 Suppose that A andB are finite tree automata and C = Ax B
s a ta-cascade product of A and B. If every language recognizable by A or B
belongs to FTL(L), and if the next modality is expressible in FTL(L), then
every language recognizable by C also belongs to FTL(L).

Proof. Suppose that A is a Y-tree automaton and B is a A-tree automaton, so
that C is a 2-tree automaton. Let h denote the unique homomorphism 7y, — C.
It suffices to show that for each (a,b) € C, the language h™'((a, b)) belongs to
FTL(L).

For every t € T, tc = (ta,sp), where s = «(¢) is the image of ¢ under the
relabeling induced by the tree transducer (A, «). (See Proposition 7.1.) Thus,

h'((a,b)) = {t:ty=aAsg=>b}
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By assumption, and since FTL(L) is closed under inverse literal homomor-
phisms, for each a € A there exists a formula 7, over ¥ in FTL(L) defining the
set of trees h~1(m~1(a)), where 7 denotes the projection C' — A, (a,b) — a. For
each b € B, let Ty, = {s € Ta : sg = b}. We construct a (deterministic) family of
formulas (@s)sea over ¥ such that for each tree ¢ € Ty, the characteristic tree
determined by ¢ and this family is exactly «(t). For each § € A,,, we define:

ps = \ Po AX1Tay Ao A X T,

Given (a,b) € C, let
p = TN Tb(5 — (pg)(geA.
Then we have

L, = {teTx:tay=anat)eTy}
{t € Ty : tc = (a,b)}.

Since by assumption T} is definable in FTL(L) and the next modalities are
expressible, it follows from Theorem 5.3 that there is a formula in FTL(L)
which is equivalent to . O

Proposition 9.2 Suppose that ¢ = K(0 — ©ps)sea is a formula over ¥ in
FTL(L), where (vs)sea is a deterministic family. Suppose that K is recognizable
by B and that each L is recognizable by A, where A and B are possibly infinite
tree automata. Then L, C Tx is recognizable by a ta-cascade product of A and
B.

Proof. Let h denote the unique homomorphism 7T, — A and hg the unique
homomorphism Tho — B. For each § € A, let Fs denote the set h(L,,). Since
(¢s)sea is a deterministic family, the sets F5 are pairwise disjoint. For each
o € %, and ay,...,a, € A, n € R, define a,(ay,...,an,0) = 6 € A, iff
oalay,...,a,) € Fs. By the above remark, there is at most one such §. To
see that there is at least one, take t; € Tx with (¢;)a = a4, i € [n]. Then
let t = o(ty,...,t,). There exists some § € A, with ¢ | ¢s. Therefore
oa(ai,...,a,) =ta € F5. Now it follows that for every ¢ € T, the characteristic
tree determined by ¢ and the family (ps)sca is exactly a(t), the image of ¢ under
the relabeling induced by (A, a). It follows that L., is recognized by C with set
of final states {(a,b) : b € hx(K)}. a

Theorem 9.3 For any class K of finite tree automata, every language in the
class FTL(K) is recognizable by some tree automaton in KV D.

Proof. Let ¢ denote a deterministic formula over ¥ in FTL(K). We show that
L, is recognizable by some automaton in KVD. When ¢ is p,, for some o € X,
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then L, is 1-definite and thus recognizable by some automaton in D; C D. We
proceed by induction on the structure of ¢. Assume that ¢ = ¢1 V @2 such
that L, is recognizable by A; in KV D, i = 1,2. Then L, is recognizable by
the ta-direct product A; x Ay which is also in K Vv D. When p = —p1, where
L, is recognizable by A; above, then L, is also recognizable by A;. Finally,
when ¢ = L(0 — ¢s)sca and each L, is recognizable by some tree automaton
in KV D, then it follows by Proposition 9.2 that L, is recognizable by some
tree automaton in K v D. (Note that since KV D is closed with respect to
the direct product, we may assume without loss of generality that each L; is

recognizable by the same tree automaton A in KV D). m]

Remark 9.4 In the above proof, we did not use the assumption that K con-
sists of finite automata. Our argument gives that for any class K of possibly
infinite tree automata, every language in FTL(K) is recognizable by some tree
automaton in the least class of tree automata containing K and D, closed with
respect to the ta-cascade product.

Theorem 9.5 Suppose that the next modalities are expressible in FTL(K),
where K is a class of finite tree automata. Then a language L belongs to
FTL(K) iff its minimal tree automaton Ay belongs to KV D iff L is recog-

nizable by an automaton in KV D.

Proof. We know from Corollary 8.3 that FTL(K) contains the definite tree
languages and thus FTL(K) = FTL(K U D), by Theorem 5.3. Let us define
the rank of A € K VD to be the smallest number of ta-cascade product and
quotient operations needed to generate A from K U D. We prove by induction
on the rank of A that every language recognizable by A is in FTL(K U D).
When the rank is 0 we have A € KU D and the result is immediate. When
the rank of A is positive, then A is either a quotient of a tree automaton B in
K V D of smaller rank, or A is a ta-cascade product of some tree automata in
K Vv D of smaller rank. In the first case, every language recognizable by A is
recognizable by B. In the second case, the result follows from Proposition 9.1.
Conversely, by Theorem 9.3, every language in FTL(K) is recognizable by some
tree automaton in K v D. O

By combining Theorem 7.3 with the above result, we have:

Corollary 9.6 Suppose that the next modalities are expressible in FTL(K),
where K is a class of finite tree automata. Then a language L belongs to

FTL(K) iff its minimal tree automaton Ar belongs to K U {Dy} iff L is recog-

nizable by an automaton in KU{TD)O}.

Example 9.7 The assumption in the above result that the next modalities be
expressible in FTL(K) is important. Indeed, let K = (). Then FTL(K) is the
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class D of all 1-definite tree languages, while K v D = D which corresponds to
the literal variety D of all definite tree languages that properly contains D;.

Corollary 9.8 Suppose that L is a class of reqular languages such that each
quotient of any language in L belongs to FTL(L) and the next modalities are
expressible in FTL(L). Then a language L belongs to FTL(K) iff its minimal

tree automaton Ay, belongs to Ko U {Dg} iff L is recognizable by some automaton
m KL U {Do}

Corollary 9.9 For each class L of regular tree languages, FTL(L) consists of
regular languages.

Call a nonempty class of regular tree languages £ closed if FTL(L) C L
and if £ is closed with respect to quotients. By Theorems 5.1 and 5.4, every
closed class is a literal variety of tree languages. Moreover, by Corollary 5.6, £
is closed iff £ = FTL(L') for a class £’ of regular tree languages closed with
respect to quotients iff £ = FTL(K) for a class K of finite tree automata.

Recall that by Theorem 6.2, the assignment

V — Ly ={L:L is recognizable by some A € V}
= {L AL € V}

defines an order isomorphism between varieties V of finite tree automata and
literal varieties V of tree languages. The inverse assignment maps a literal
variety V to the class of those finite tree automata A such that every language
recognizable by A belongs to V.

Theorem 9.10 If V is a closed variety of finite tree automata containing D,
then Lv = FTL(V). Moreover, the assignment V +— FTL(V) defines an
order isomorphism between closed varieties V of finite tree automata containing
D and closed classes L of reqular tree languages containing D.

Proof. If V is a closed variety containing D, then by Theorem 9.5 and Corol-
lary 8.3, Lv = FTL(V). Moreover, FTL(V) contains D. By the Variety
Theorem, we have V; C Vy iff Ly, € Lv,. Finally, the map is surjective,
for if £ is a closed class of regular tree languages containing the definite tree
languages, then £ = Ly for some variety V of finite tree automata containing
D. By Proposition 9.1, V is closed with respect to the ta-cascade product, and
L =FTL(V). O

10 Some Applications

Recall that £x denotes the set of languages {Lx,, ¢ € [max(R)]}. Recall the
definitions of the languages Lgr, Lgg, Lgy. The minimal tree automata of the
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latter three languages can be described as follows. The minimal automaton of
Lgr is Ep(R), which has two elements, 0,1, and operations

Tn (b1,...;b,) = 1

bn (b1,...bn) = b1 V...Vby,,

for all by,...,b, € {0,1}, n € R. The minimal automaton Eg(R) of Lgg also
has two elements, 0, 1. The operations are:

1 ifn=0
Lo (bryevoba) = 0,

for all by,...,b, € {0,1}, n € R. Finally, the minimal automaton Ey(R) of
Lgy is defined on the set {0,1} by

Tn (bl,...,bn) = 1
Vu(bi, ... bn) = b1 V...Vb,
ln (blv"‘vbn) = 07

for all by,...,b, € {0,1}, n € R. Below we will just write Ep, Eg, Ey for the
automata Ep(R),Eq(R), Ey(R) whenever R is understood. We define

CTL(X,EF) = FTL(Lx U{Lgr})
CTL(X,EG) = FTL(Lx U {Lgc})
CTL(X,EF,EG) = FTL(LxU{Lgr,Lgc})

CTL = FTL(LxU{Lgy}).

By Example 5.7 and Corollary 8.3, all assumptions of Corollary 9.8 apply to the
sets of languages used in the above definitions. Note that the minimal automata
of Lgr and Lgg renamings of some reducts of the minimal automaton of Lgy.
Thus, CTL = FTL([:X U {LEF; Ly, LEU})

Theorem 10.1 1. ForY € {F,G}, a tree language belongs to CTL(X,EY)
iff its minimal tree automaton is in {mo}.
2. A tree language belongs to CTL(X, EF, EG) iff its minimal tree automaton
is in {Ep, Ec, Do}

3. A tree language belongs to CTL iff its minimal automaton belongs to {E;}
Proof. The first two statements follow from Corollary 9.6. The third statement
follows from Corollary 9.6, Theorem 7.3, and the fact that Dy is isomorphic to
the reduct of Ey; obtained by forgetting about the V-operation. o

Remark 10.2 The logic defining the class CTL(X, EF, EG) is closely related
to the logic introduced in [4].
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Remark 10.3 Up to renaming of the operations, Eq is isomorphic to the al-
gebra on the set {0,1} with operations

Tn (b1, iby) = 1
In (b1, yby) = biA...Aby,

for all n € R.

The minimal automata of Lag, Lar and Lay are respectively isomorphic to
the minimal automata of Lgr, Lgg and Lgy. Thus, CTL(X,EF) = FTL(Lx U
{Lac}), CTL(X,EG) = FTL(Lx U {Lar}), CTL(X,EF,EG) = FTL(Lx U
{LA(;, LAF})- Moreoven CTL = FTL(ﬁxU{LEF, LEG7 LEU; LAF7 LAg, LAU}) ==
FTL(ﬁX U {LAF7 Lag, LAU}) = FTL([:X U {LAU})-

Remark 10.4 Suppose that R = {0,1}. To each finite alphabet A let us asso-
ciate the ranked alphabet ¥ 4 of rank type R with (£4)1 = A and (Z4)0 = {#}.
We may identify each word u € A* with a term in Ty, ,. Using this identification,
the logic CTL essentially becomes LTL, propositional linear temporal logic, cf.
[20]. It follows from the above algebraic characterization of the class CTL that
a language L C A* is definable in LTL iff its minimal automaton belongs to the
least class of ordinary automata containing the “binary identity-reset automa-
ton”, closed under the cascade composition, subautomata, and homomorphic
images. This fact was proven in [6] (using the wreath product instead of the
cascade composition). In fact, our methods and results generalize those of [6].
The binary identity-reset automaton has two states, 0, 1, and three input letters
inducing the two constant functions and the identity function on {0, 1}, respec-
tively. Using the Krohn-Rhodes Decomposition Theorem [7], it then follows
that a language L C A* is definable in LTL iff its syntactic monoid is aperiodic.
Thus, by the characterization the expressive power of first-order logic on finite
words in [17], one derives Kamp’s theorem [16] to the effect that first-order logic
on finite words is equivalent to propositional linear temporal logic, see also [12].

Recall from Example 4.6 the definition of the languages Lq,, where d > 1
and 0 < r < d. The minimal tree automaton Mg of Ly, has d elements,
0,...,d — 1, and operations

Tn(rla-"7rn> = (rl++7an+1) modd
ln(riy.coymn) = (ri+...+7,) modd,

for all r1,...,7, € {0,...,d —1} and n € R. For each d, let L4 = {L4, : 0 <
r < d}, and let Lyoq = Jgoq La- Define

CTL + MOD(d) = FTL(EX @] {LEU} @] Ed)
CTL + MOD = FTL(Lx U {Lrv} U Luod).

Using Theorem 9.5, we obtain:
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Theorem 10.5 1. Foreveryd > 1, a tree language belongs to CTL+MOD(d)
iff its minimal tree automaton is in {Ey,Mg}.

2. A tree language belongs to CTL + MOD iff its minimal tree automaton is
in the least closed variety containing Ey and the tree automata My, d > 1.

11 Conclusion

We have associated a modal operator with each language L of finite trees, and a
logic FTL(L) with each class £ of languages of finite trees. We have shown that
several natural modal operators can be captured by suitably chosen languages.
Then, for certain classes £ of regular tree languages, we reduced the problem of
the characterization of the expressive power of the logic FTL(L) to an algebraic
problem thus making it possible to study the expressive power of the logics in-
volved by the methods of algebra. This approach has been very fruitful for logics
on finite and w-words. Our general results have many immediate applications
and we have presented some.

In order to transform the obtained concrete algebraic characterizations (e.g.,
that in Theorem 10.1) into decision procedures, one has to develop a structure
theory of finite algebras. In Part 3, we will use Theorem 10.1 to derive an effec-
tive characterization of the language class CTL(X, EF). This characterization
complements the results recently obtained in [5]. In Part 2, we will extend our
general results to finite trees such that the outgoing edges of a vertex are not
ordered.
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